172 FUNCTIONS OF A COMPLEX VARIABLE

If Az is taken so small at a given point z that 2+ A lies in 9, g
is == 0. Next we note that

limg = 11m gz + h)=g(2),

Az=()

since g is continuous by 3. Passmg now to the limit Az=0 in
6), we get ).

5. By the aid of the foregoing we can find the derivative of a
rational integral function

f=ay+apz+ a2+ - + a,e™

For as in the calculus we show that
dz"

= =nea" L

dz
Thus by 3), i

=N +2a2+ -+ + ma,zmL
Also the derivative of a rational function

_ g+ a2+ ---+amzm='_f
by+ b+ -+~ g

can be found by 5).

6. Let us prove here a theorem we shall need later.

If w =f£(2) has a differential coefficient f'(a) + 0 at x = a, there
exists a 6> 0 such that Aw does not vanish when z=a + Az is
restricted to Dy(a).

For as hm———f’(a,) . atz=a,
Az=()

we have Aw: f’(a)+e’§ Az (7
where | € | < e if only 0 < |Az| < some 9.
If now we take 0 < e <|f'(a) |

we see that f'(a@)+ € cannot vanish when 0 <|Az| < . Thus
Aw cannot vanish under this restriction, as 7) shows.

85. The Derivative of a Power Series. 1. Let the power series
P@)=ay+ a2z + a2? + - ¢!
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have € as a circle of convergence. We show that P has a deriva-
tive within €, viz. :

Pl()=a,+ 2a2+ 3 aze? + .- (2

For by 43, 5)
PG +h)=P@)+hP(2)+ %521)2@ s 3
Wwhere Pi=a,+2a2+ 3 a2+ - (4

which is the series on the right side of 2). As #z is an arbitrary
but fixed point, let us write 3)

P+ h)y=0by+ b;h + 0,52+ .- (b

This converges absolutely as long as the point 2 4 % lies within G,
that is as long as

The adjoint of 5) is

P=By+Bm+ /82772 + oo

n=|h| < some &.

and as this converges for 5 =6,
By+ B8+ By + oo = By+ B0 + 3B, + Bed + B2+ -}

is convergent. Hence

Q=B,+ Byd+ BF + - G

is convergent.
From 3) and 5) we have

AL PCAM=LE) _ () +hiby + byl + -

Now each term of Q= by+ bk + bA2 + ...

is humeﬁcally < the corresponding term of the series 6) when

|A|< 8. Thus | Q| <Q, a constant.

Hence 2Q =0 as A=0. Hence, passing to the limit =10 in T7),
we get 2). We have thus this result :

The function of z defined by a power series 1) has a derivative
within its circle of convergence, which s obtained by differentiating
1) term by term.



